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Abstract
The total domination number t of a graph G = (V; E) is the minimum cardinality of a
dominating set D of G such that every vertex of V has at least one neighbor in D. The least
domination number L of G is the minimum cardinality of a dominating set X of G whose
domination number is the minimum. In this paper, we prove the following conjecture due to
Odile Favaron:
Conjecture. For any tree T , we have L(T )=t(T )6 3=2.
c© 2003 Elsevier Science B.V. All rights reserved.
Keywords: Total dominating set; Least dominating set; Middle vertex
1. Introduction
Let G(V; E) be a ;nite, undirected and simple graph. A subset D of V is a total
dominating set of G if every vertex v∈V is adjacent to at least one vertex in D. The
total domination number t(G) is the minimum cardinality of all the total dominating
sets of G (cf. [2]). If D is a total dominating set with cardinality t(G), we call D
a t-set of G. A dominating set X of G is a least dominating set if [X ]6 [X1] for
any dominating set X1 of G where [X ] is the subgraph of G induced by X . The least
domination number L(G) is the minimum cardinality of all the least dominating sets
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of G (cf. [4]). If X is a least dominating set with cardinality L(G), we call X a L-set
of G.
Let T (V; E) be a tree, we call a leaf a vertex v of V whose degree is one. A hook
is adjacent to a leaf. We denote the set of all leaves of T by L and that of all hooks
by H . If D is a total dominating set of T , we call M = V − D − L the set of middle
vertices of T relative to D and every vertex of M is a middle vertex. It is clear that
[M ] is a forest. Denote the connected components of [M ] by M1; M2; : : : ; Ms and those
of [D] by D1; D2; : : : ; D. If N (Mi) ∩ Dj =  (16 i6 s; 16 j6 ), we say Dj is an
adjacent component of Mi or Mi is adjacent to Dj. Here N (Mi) denotes the set of all
the vertices adjacent to some vertex of Mi.
Any other terminologies and notations not given here can be found in [1,3].
The following results can be found in [3]:
Proposition 1. A total dominating set of a tree must contain all the hooks.
Proposition 2. Every tree except for star K1; n−1 admits a t-set containing no leaf.
Proposition 3. Every tree except for P1; P2 admits a L-set containing every hook but
no leaf.
2. Main results
Now we will prove the conjecture of Favaron [3].
Theorem. For any tree T of order n¿ 2, we have L6 3t=2− 1.
First we need a lemma before the proof of the theorem.
Lemma. Let T be a tree, D a total dominating set of T and M the set of middle
vertices of T relative to D. If [D] has  connected components and [M ] has exactly t
components Mi (16 i6 t) such that each vertex of Mi is adjacent to only one vertex
in D, then |M |6  + t − 1.
Proof. Denote by s the total number of components of [M ]. Let G be the graph
obtained from T by contracting each component Mi of [M ] into a vertex mi and
each component Dj into a vertex dj. Since T is a tree, G is a tree with bipartition
{mi: 16 i6 s} ∪ {dj: 16 j6 }. The number of vertices of G is s +  and thus
its number of edges is s +  − 1. If each vertex of the component Mi has exactly
one neighbor in D, then we have dG(mi) = |Mi|. If Mi contains at least one vertex
with several neighbors in D, then dG(mi)¿ |Mi| + 1. Hence the number of edges in
G satis;es
s+  − 1 =
s∑
i=1
dG(mi)¿
t∑
i=1
|Mi|+
s∑
i=t+1
(|Mi|+ 1) = |M |+ s− t:
Therefore |M |6  + t − 1.
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2.1. The proof of the main theorem
Proof. If T = P2 or K1; n−1, the theorem is trivial.
Now we suppose T = P2; K1; n−1; Let D and X , respectively, be the t-set and L-set
of T containing all hooks but no leaf. Let M denote the set of middle vertices of T
relative to D, F = D − H and A the minimum dominating set of [X ].
Since X ∩ L=  and X ∩ H = H , we have
L = |X |= |X ∩ (D ∪M)|= |X ∩ H |+ |X ∩ (F ∪M)|= |H |+ |X ∩ (F ∪M)|:
So we only need to prove |X ∩ (F ∪M)|6 |F |+ |D|=2− 1.
Suppose [M ] has s components: M1; M2; : : : ; Ms and among those there are exactly
t components M1; M2; : : : ; Mt (06 t6 s) such that each vertex of Mi has only one
neighbor in D. For 06 i6 t, each [Mi] must be a tree with at least two vertices since
M ∩ L = . Therefore, we know there is at least one vertex xi in each Mi satisfying
dM (xi) = 1 which means dT (xi) = 2.
Now suppose N (xi) ∩Mi = {yi}; N (xi) ∩ D = {wi}; N (yi) ∩ D = {vi}.
Claim 1. If Mi ⊆ X (16 i6 t), then wi ∈ X or vi ∈ X .
Proof. Otherwise, assume that {wi; vi} ⊆ X .
First if yi ∈ A, let X ′ = X − {yi}; A′ = A; clearly X ′ is a dominating set of T and
([X ′])6 ([X ]), which contradicts the assumption that X is the L-set. Then if xi ∈ A,
let X ′ = X − {xi}; A′ = A; it also induces the same contradiction.
So we have {xi; yi} ⊆ A. But then let X ′ = X − {xi}; A′ = A− {xi} ∪ {wi}, we also
get a contradiction.
Therefore we must have wi ∈ X or vi ∈ X .
Claim 2. Suppose the vertices of M1; M2; : : : ; Mk (16 k6 t) are all contained in X,
denote Rk = {x1; y1; x2; y2; : : : ; xk ; yk}. Then there are at least k vertices in N (Rk)∩D
those are not in X.
Proof. By induction on k.
It is trivial for k = 0. Suppose the claim is true for k − 1, we consider the k
components of [M ]: M1; M2; : : : ; Mk . Construct a graph G by contracting each Mi into
a vertex mi. Let
V (G) = V1 ∪ V2; V1 = {m1; m2; : : : ; mk}; V2 = {w1; v1; w2; v2; : : : ; wk ; vk};
E(G) = {m1w1; m1v1; m2w2; m2v2; : : : ; mkwk ; mkvk}:
Obviously G is a tree and for all mi we have dG(mi) = 2. Therefore, there is at least
one vertex in V2 whose degree is one. Without loss of generality, we suppose this
vertex belongs to {wk; vk}, call it tk and the other t′k .
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Consider the components M1; M2; : : : ; Mk−1, from the induction hypothesis N (Rk−1)∩
D contains a set Q of k − 1 vertices those are not in X . By Claim 1, at least one of
tk ; t′k is not in X . Note that tk ∈ Q and if dG(t′k) = 1, then t′k ∈ Q. Therefore, if tk ∈ X
or if tk ∈X and dG(t′k) = 1, then the set Q ∪ {tk} or the set Q ∪ {t′k} shows that the
claim is true.
Suppose now dG(t′k)¿ 2; t
′
k ∈ X and tk ∈X . The vertex t′k is dominated by a vertex
in
⋃k−1
i=1 Mi ⊆ X . If tk = vk , then xk has degree one in [X ] and thus xk and yk are not
both in the minimum dominating set A of [X ].
Then the sets X ′ = X − {yk}; A′ = A if yk ∈ A; X ′ = X − {xk}; A′ = A if xk ∈ A,
contradict the assumption that X is a L-set of T .
If tk=wk , then the sets X ′=X −{yk}; A′=A if yk ∈ A; X ′=X −{xk}; A′=A xk ∈ A;
X ′=X −{xk}; A′=A−{xk} ∪ {wk} if {xk ; yk} ⊆ A; all contradict the assumption that
X is a L-set of T .
Hence Claim 2 is true.
Now the t components M1; M2; : : : ; Mt of [M ] can be divided into two parts: for
06 i6 k, we have Mi ⊆ X , then from Claim 2, we know there are k vertices
w1; w2; : : : ; wk in D while not in X (note that these k vertices are in F); for i =
k + 1; k + 2; : : : ; t, we have Mi * X , then there is at least one vertex zi in each Mi
while not in X . So
X ∪ (F ∩M) = X ∩
[
F ∪
(
k⋃
i=1
Mi
)
∪
(
t⋃
i=k+1
Mi
)
∪
(
s⋃
i=t+1
Mi
)]
⊆ (F − {w1; w2; : : : ; wk}) ∪ (M − {z1; z2; : : : ; zt})
= (F ∪M)− {w1; w2; : : : ; wk ; zk+1; zk+2; : : : ; zt}
then
|X ∩ (F ∪M)|6 |F |+ |M | − t:
From the lemma, we know
|M |6  + t − 1;
so |X ∪ (F ∩M)|6 |F |+  − 1, then
L = |X |= |X ∩ H |+ |X ∪ (F ∩M)|6 |H |+ |F |+  − 1 = t +  − 1:
On the other hand, D is a total dominating set, so 6 t=2.
Hence we obtain the result: L6 3t=2− 1.
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